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[STUDY MATERIAL]

UNIT- IT SPECTRA OF MOLECULE

1.1. SEPARATION OF ELECTRONIC AND NUCLEAR MOTION:
THE BORN-OPPENHEIMER APPROXIMATION

Consideration of allowed energy states, i.e., energy level scheme, is the key to the discussion
of emission and absorption spectra of molecules which arise from transitions between these energy
states. Compared to atoms, energy level scheme of molecules is complicated because:

(i) the nuclear motion in molecules cannot be ignored as we do in atoms. This nuclear motion
gives rise to many more energy levels in a molecule than in an atom. For example, in a diatomic
molecule, the nuclei vibrate along the internuclear axis giving rise to vibrational energy and also
the whole system rotates about the centre of mass giving rise to rotational energy.

(ii) we cannot classify molecular energy states according to the angular momentum, L, as we
do in atoms because it is not conserved in molecules. However, in diatomic molecules, the
component of angular momentum along the internuclear axis is conserved due to symmetrical
charge distribution about this axis and is used to classify molecular energy states.

The energy allowed to the molecule may, in principle, be obtained by solving the Schrédinger
equation for the system of interacting nuclei and electrons:

Hy =Ey
but this is only possible for the very simplest of molecular examples. The nuclei and electrons in a
molecule are subject to comparable forces, but as the electrons are very much lighter than the
nuclei their motions are very much rapid. Therefore, to a good approximation, motions of electrons
can be considered separately as compared to those of nuclei. This separation of the nuclear and
electronic motions is embodied in the Born-Oppenheimer approximation. According to this
approximation, the molecular Schrodinger equation can be solved in two steps:

(i) We first investigate the electronic problem on the assumption that the nuclei are fixed,
Thus the wave equation is solved for electronic motion alone in which positions of nuclei occur only
as parameters.

(ii) Then solve the wave equation for the motion of nuclei alone in which the characteristic
eigen value of the electronic wave equation occurs as a part of the potential energy function of the
nuclear motion.

The complete Hamiltonian operator,

h2

8nm

for a molecule consisting of p nuclei and i electrons will include the terms for both nuclei-nuclei
Interactions, nuclei-electronic interactrons as well as electronic-electronic interactions. Thus

h2 h.2

H=_§8n2Mpv§—§8n2mV?+VM+VM+V” c D)

where first term represents the kinetic energy operator of all the nuclei with masses

MM, ... M,; the second term represents the kinetic energy operator of all the electrons (mass

m). The rest terms, Van is potential energy function arising from nuclear-nuclear interactions,

V24V
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Viie 18 the potential energy function arising from nuclear-olectronic interactions and Vee is the
potential energy function arising from electronic-electronic interactions.

. . h?
If we take that nuclei are fixed in position then kinetic energy term -2 E;_"A,T V,Q, should be

p O M
zero and V. should be constant. Then the Hamiltonian for the electrons would be
'y . hz 2
N Hc"‘%‘&ﬁ"i%*"ne*vec o (2)
Remaining terms in eq, (1), if denoted by H,, are
Hym-z i g2,y (3
n p81t2MP pt Van s id)

8o that total Hamiltonian is H = H,+H,
Follpwing Born and Oppenheimer, the molecular wave function can be written as a product of
electronic and nuclear wavefunctions. If y is the eigen function for the whole system, y,, a function

of the coordinates of both the nuclei and the electrons, and y, a function of the coordinates of the
nuclei only, then

V= VW, .. (4)

The total eigen function v and the total cigen value £ are given by the wave equation
Hy = By
which in this case takes the form

Hyy, = Ey,y,
5 h? v2 . A2 2

or — ? W pWeVWn = %‘ '8-’;271 ViveWn + (Vi + Vie + Vee) VeV, = Ey,vy, <. (8)
Further we can write ‘

vp?Wtng » an;z;“’e » W«VEW + 2,0, Vou,
and VWV = Va VY,
Following Born-Oppenheimer approximation, electronic eigen functions, v, is the only slowly
varying function of the nuclear coordinates that is; VoV, << Vp¥p. Consequently, we can neglect the
terms Vglu, and V,y,, and write

ngan - chg\”n

2
Viviv, = an‘? Ve
Putting these values in eq, (5), we got

K2 o A% s
“We f W VoVn = Vn ?M Vive + (Vyy + ‘/’n« + VeelWeu, = By,
or -y Z-—h—-Vzw +y —2—’iV2+V \v
“ponim, PtV gz VO Une ¥ Vel Vet VirWown = Byey, .0 (6)
In the above equation the term
h2
) l- ? Py VE+ (Ve V“,)J Ve = Hoy, [see eq. (2)]
If the electronic eigen function v, corresponds to electronic eigen values E,’ then
Heyy, = EJy, ool d)

B A A A AT A AT AT T AT AT AT AT AT AT AT AT AT AT AT AT AT AT AT 4T 4

2 /27 ...PHYSICS DEPT. /VP & RP T P SCIENCE COLLEGE-VALLABH VIDYANAGAR/US06CPHY22/2020-21

- - - - - - - -

VVVVVVVVVVVVVVVVVVV3




so that equation (6) can be written as
2

h . _
Ve lz) .8_71.25;; ngn +ES Wy, + VanWa¥e = By,

h? ;
i I:— f ER;MP Vg + Ee + an] Vn = EW}; .. (8)
e (Hy + Ez')Wu =By, (see eq. (3))

Now refer to earlier discussion. In wave equation (8) for nuclear motion £, is the characteristic
eigen value of the electronic wave equation as part of the potential energy function for the nuclear
motion whereas V,,,, is the potential energy function that refers to nuclear-nuclear interaction. The

effective Hamiltonian for molecular wave equation is
\

2
| - f E:’;Tp VEZ+E, + V,,,,] or (Hy+E)
The equation (8) is solved first for a given electronic state of the molecule for a range of values of
nuclear coordinates (internuclear separations). This will provide values of y, and E,’ as continuous
functions of nuclear coordinates, After obtaining E,” we put it in eq. (8) and solve it to get
expressions for y, and E. A different set of Wn and E is obtained for each electronic state of the
molecule. Note that E gives characteristic energies for the whole molecule in the given electronic
state of the molecule. Finally from V = y,y, the complete wave function is obtained.

Types of Molecular Energy States and Associated Spectra
Born-Oppenheimer approximation states that to a good degree of approximation the motions
of the electrons in a molecule can be treated separately from those of nuclei and that the electronic
motion can be solved by assuming the nuclei to be fixed. The electronic energy and the
nuclear-nuclear repulsion energy then act as an effective potential for the motions of the nuclei.
The nuclear motion in a molecule is further divided into those corresponding to vibrations,
rotations and translations. In the approximation that the electronic, vibrational, rotational and

translational motions are truly independent, we may divide the Hamiltonian into corresponding
components.

H=H,+H,+H, +H,

where Hy, = EN,, H\,=E,y,
Hy,=EN, and Hy, = Ey,.

The complete wave function is then

V=YW, Ve,
and the total energy is simply

E=E,+E,+E.+E,
where subscripts e, v, r and ¢ stand for electronic, vibrational, rotational and translational
respectively.

The origin of various types of spectra can be discussed taking as an example the case of a
diatomic molecule. Schrodinger equation for nuclear motion in a diatomic molecule is

R o A% B
- VY = — Vi+V(r) |y =Ey
81!2M1 ' STIZMZ 3 :
Where M 1 and M, are the masses of the nuclei and V(r) is the potential energy function comprising

¢lectrostatic energy of the two nuclei and instantaneous electronic encrgy. v is the nuclear eigen
function and E is the eigen value for the whole molecule.

"l
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Refer to art 2.1, We transform the above cquation in polar coordinates for internal motiong

y g . M\M, ; ; _
(involving r only) and putting m’| = Y B -M— as reduced mass, we can arrive at the radial equation
1+

1 d(2dR), sniw'[,, JUI D | B Lo
2dr|’ dr ¥ he i Bn2ur’
where J is a quantum number associated with the angular momentum of the molecule,

n2
J + 1) 5 18 the square of the total angular momentum, J assumes the values as 0, 1,2, ,

The above equation can be put in a standard form if R(r) = L S(r) is substituted. Then we get

d’8  8n’m’ J(J + _1&

~~~~~ + = E-V(r §=0

dr? I2 )=
which is the Schrédinger equation for the motion of a partlclc of mass i, moving along a line under
a potential energy function

Vi(ir)y=V(r) + JO 2 l)h (D

8néurt
< JJ + i j
(F + Vnn) 87;‘?;2 i (2)

where E./ is ecigen value of
electronic wave equation (See art
1.1), V,,,, is potential energy term
corresponding to nuclear-nuclear v ()
interaction (repulgion), The third
term s the centrifugal potential
energy  term  indicating a
rotational motion superimposcd
on the linear vibratory motion of
the particle. It means V(r)
includes electronic and
vibrational energies while third
term as rotational energy. A plot
of V(r) and of V’(r) as a function of r are shown in Fig. 1.1. and Fig. 1.2.

As nuclear vibrations are small oscillations V(r) can be expanded by Taylor sories as

2
Vir)=Vir,) + (r - r)--(’)l b p - py2 V()
of "0

re=r, rsr‘,

]2
I~ 10
0

Vi)

If we tatke V(r,) = 0 as reference energy and at r = r, the first derivative QZ('—')- = 0 so function

2 0 V(r) o* V(r)

ore

V(r)“ 5 (F=re)

k(r re® where k=%

r= l' rm f"

represents a parabola (dotted curve of Fig. 1.1). Thus near r = r,, the curve is a parabola and for
small displacements (r - r,), the molecule can be treated as a harmonic oscillator. Note from
equation (2), V(r)lmin = E, where nuclear-nuclear interaction is ignored, So energy at the minimum

of V(r) function is referred to as electronic encrgy, E,,
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We know that when two atoms are brought nearer to form a stable molecule, the electronic
energy decreases rapidly while energy of repulsion increases. For a certain internuclear separation,
the total potential energy becomes a minimum, as we see in Fig. 1.1 and 1.2 that at r = r,, potential
energy (8 minimum, This is the equilibrium internuclear separation. The two nuctel vibrate about
their respective equilibrium positions along the internuclear axis and the motecule rotates about the
centre of mass, That is why eq. (1) consists of:

(i) energy at the minimum of V(r) function which is referred to as electronic energy E,; this is
the energy which the molecule will possess if the nuclei were fixed and consists of the kinetic and
potential energics of extra-nuclear electrons and potential energy of repulsion of the nuclei;

(ii) energy of nuclear vibrations about equilibrium position, r,, under the potential function,
V(r) which is referred to as vibrational energy, E,, defined by quantum number, v;

(iii) energy of rotation of the molecule asg a whole which is referred to as rotational energy, E,,
defined by the quantum number J. Thus
EwE,+E,+E, o (3)
or in terms of wave numbers,
E _E E, E
he “he * he ke
vav, +G)+ Fv,J) o)
where v, i8 the electronic term, G(v) is the vibrational term and F(v, J) is the rotational term.
Now we conclude that: 3
(i) a molecule has a number of discrete electronic 2
levels with geparations of the same order as in atoms |
(in Fig 1.3, A and B are electronic levels). A transition \
between two electronic levels results in a radiation that ii
falls in the visible or ultra violet region., Yimo 0=y
(ii) With each electronic level are associated a
number of vibrational energy levels whose spacing
decreases with increasing quantum number, v. A
transition between two vibrational levels results in a 1
radiation that falls in the near infra-red region. 2
(iii) With each vibrational level is associated a set
of rotational levels whose spacing increases with
increasing quantum number, J. A transition between 4+
two rotational energy levels results in a radiation that v~
ulls in far infra-red or microwave region. N T [ R aat
A In I,“'ig. 1.,:;, a transition is shown. It is obvious that Elcetronic level — Ro.‘g?ﬁ"“'
all the lines that arise from transitions between (J values)
rotational levels J* and J” agsociated with a given pair &
of vibrational levels, v and v” of a SINeTE, BT of Electroniv lov?:'l A'a' i "'"'"éfo'lz'r'&'a'é level B
electronic lovels (A and B) form a band. Therefore each |5 roiioneiavat v =0 to {vibrational level v’ = 0
line in each band of the system arises due to a change |Rotational level J* = 1 Rotational lovel J' = 3
in all the three energies E,, E, and E,, Thus Is shown In the figure.
El - Ell
Ve " he
(B~ ES) SEu' - Ey) F (By = Ey~)
* he * he he
=V, +V, +V, i (B)
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with v, > v, > v, . We note that

(i) Fora given band, v, and v, are constants, while v, changes from line to line. The position
in the band where v, = 0 is called band origin; its wave number i8 (v, + Vy)-

(ii) For a given system of bands (band-system), v, is constant, where as v, changes from bang
to band. The position in the system where v, = 0 (and v, = 0) is called the system-origin; its wave
number is v,

(iii) The electronic band system lies in the visible or ultra-violet region,

Apart from electronic bands, we also have non-electronic bands. They involve transitions in
the same electronic level. Such bands are of two types:

(i) Vibrational-Rotational Bands: A vibration-rotation band arises due to transitions
between two vibrational levels of the same electronic level. The lines of the band result from the
transitions between rotational levels of one vibrational level to the rotational levels of other
vibrational level. The wavenumber of a line is v,, + v,. Such bands occur in the near infra-red region.

(ii) Pure Rotational Bands: In this case electronic level is same and vibrational level is also
the same. Transitions between two rotational levels associated with one and the same vibrational
level of a given electronic state give rise to pure rotation bands or rather lines. The wave number
of a line is v,. These lines fall in the far infra-red or in the microwave region,

1.2. TYPES OF SPECTRA

We have discussed in detail in SECTION-1 the spectra emitted by atoms (when the emitting
gubstance is in atomic state), i.e. atomic spectra. The other spectra, outlined in art. 1.1, are emitted
by molecules (when the emitting substance is in molecular state) containing two or more atoms.
Molecular spectra under low dispersion appear as continuous bands and for this reason they are
often called ‘band spectra’. Usually a band has a sharp intense edge on one side called
‘band head’, and gradually decreases in intensity towards the other side.

With high resolving power instruments, band spectra are found to have threefold structure:

(i) Each band is seen to be composed of a large number of lines which are crowded together
at the long wavelength side, called ‘band head’ and as they recede from the band head, the lines
become more widely separated and also weaker; the lines, however, being so close together as to
appear, under low resolution, like a continuous spectrum.

(it) There is a regular sequence in which the several bands follow one another, and thus
constitute a group of bands.

(tii) These different groups of bands are quite close and thus, because of their regular
arrangement, form a band system.

Thus, since we find that, like atomic spectra, molecular spectra are also composed of
monochromatic lines having approximately the same width, the name ‘band spectra’ merely
significs the distinction from atomic spectra—the 50 called line spectra,

Regions of The Spectrum

In Fig. 1.4 we have sketched the regions into which electromagnetic radiations have been
divided in an arbitrary manner and boundaries are not precise. The molecular processes agsociated
with each region are quite diffcrent and are noted along with the corresponding regions, We brief
the description in the following few lines,

(i) Radio frequency region: 3x10%3x 101 ¢/s; 10 ¢m-1 ecm wavelength, nuclear

magnetic resonance (n.m.r.) and electron spin resonance (6.5.1.) spectroscopy. The reversal of 8pin
of a nucleus or electron is the causo of encrgy change.,
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(ii) Microwave region (Far infra-red region): 83x10°-3x10'? o/s; 1 cm.-100 p*
wavelength, Rotational spectroscopy.

(ili) Infra-red region (Near infra-red region): 3x102-3x10M /s 100u-1p
wavelength. Vibrational spectroscopy.

(iv) Visible and ultra-violet regions: 3x10'-3x10'® o/s; 1p-100 A wavelength,
Electron spectroscopy.

(v) X-ray region: 3 x 10'® ¢/s and above; 100 A wavelength or less. Energy changes involve
the inner electrons of an atom or molecule.

CHANGE OF CHANGE OF CHANGE OF
CHANGR OF-Stxl ORIENTATION CONFIGURATION ELECTRON DISTRIBUTION

— N N -

——

)

VISIBLE AND
NMR. ESR. MICROWAVE  INFRARED  ULTRA VIOLET X-RAY
<>
o—g | 9 e
, . @D € »
1 100 100 cm! 108 WAVE NUMBER
| | | I |
100 cm 1em 100 p n 100A WAVELENOTH
im | | | | |
3x108 ax1010 3x1012 Ix1014 3x101€ FREQUENCY
ax107 1 | | | |
3x10-2 3 300 3x109 :
3x1073 | | | xl cal/mole sl"w6 EERaY

Flg. 1.4, The regions of electromagnetic spectrum,

From the viewpoint of experimental methods and theoretical significance, molecular spectra
fall into three groups according as they lie in;

(a) the far (long wavelength 20-150p) infra-red region. This we shall discuss under the head
‘Far infra-red spectroscopy’.

(b) the near (short wavelength) infrared region. This we shall discuss under the head
‘Infra-red spectroscopy”.

(¢) visible or ultra-violet region. This we shall discuss under the head Visible and ultra-violet
spectroscopy’.

Thus explanation for three types of band spectra, as discussed in art. 1.1, demands that the
internal energy of a molecule, i.e., the energy other than translational, is essentially of three kinds,
namely electronic, vibrational, and rotational which are all quantised and thus the molecule
possesses only certain discrete energy states. The transition between two energy states of a
molecule, as a result of absorption or emission of energy, will give rise to a spectral line in the
spectrum of that molecule. Suppose energy difference of two states is (E‘- E”) then the

wave-number (frequency in em™') corresponding to this line, arising due to transition between
these two states, will be

*1u=10"cm«10* A
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N/ Nt
- -«

Wm em™t,
where ¢ i the velocity of light, o :

The three types of bands, discussed above, are correlated rcspcctivclg{ with (i) lrh_unaes in the
rotational energy, (ii) simultaneous changes of the rotational and uibr{ftumul energies, and (iif)
simultancous changes in the rotational, vibrational and electronic energies. '

We shall here discuss in brief how the changes in these encrgics produce different types of the

bands and make them correspond to different regions.

Electronic Spectra (Ultra.violet or visible region)

We, from various considerations, conclude that a potential of 5 to 10 volts is required to change
the energy level of an electron in a molecule or, in other words, two electronic states of an electron
have an energy difference of about 5 to 10 electron volts (eV). The frequency* of radiation

accompanying an electronic transition of 5 eV (say), which is equivalent to 8 x 10719 erg/mole, will

be
-19
- 8210 =4 %108 m"!
66 x 103 x 3 x 108
or A=l=~—1—6m=25x10-6cm=2sooA.
V 4x10

which shows that the spectrum accompanying an electronic transition in a molecule, just as with
an atom, should appear in the ultra-violet or short wavelength portion of visible spectrum. Since
such molecular spectra arise due to transitions from one electronic state to another, they are
referred to as electronic spectra.

In each electronic state there are a number of possible vibrational states corresponding to
different values of the vibrational energy of the molecule; the two successive vibrational levels of
the same electronic state have an energy difference of 0-1 ¢V, Further the energy corresponding to
rotation of the molecule about two (for a linear molecule) or three axes is quantiged and thus we
conclude that eack vibrational level has a set of rotational sublevels; the two adjacent rotational
levels in one and the same vibrational and electronic state have an encrgy difference of about
0-005 eV,

Now suppose, in a molecule, electronic transition from initial state to final (excited) state
occurs; then it will be accompanied by a change in vibrational energy, the magnitude of change
depending upon the vibration levels in the initial and final electronic states, As we have discussed
previously, change in electronic state amounts to 5 eV, while in vibrational levels to 0.1 ¢V and
therefore electronic spectrum of the molecule which would fall in the region of 2500 A will consist
of a number of lines with a spacing of about 50 A. Now for a given electronic and vibrational energy
change, there would also be a change in rotational levels giving rise to rotational transitions. Since
the Rotational quanta are of the order of 0-005 ¢V, the spacing of these rotational lines will be about
25 A,

Thus for a particular vibrational transition, there will be a set of rotational lines constituting
a band and since there will be different vibrational transitions for a given eleetronie change, the
whole system will consist of a system of bands or band groups, Now when different eleetronic
changes are involved, a series of such ‘bhnd groups will constitute the band spectrum of the
molecule, We note here that bocause of the changes in rotational and vibrational energies, the
electronic spectrum is a complex one, even if there is only one electronic transition, For a
polyatomic non-linear molccule, the different modes of vibration are (3n - 6), where n is the
number of atoms in the molecule and each mode will give rise to a band. Further, a non-linear

*The frequency, wherever mentioned in molecular spectrn, is expressed in wave number unit.
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molecule will have rotations about three axes. Thus we conclude that inspite of selection rules, the
electronic spectra of polyatomic molecules will be very complex. With a diatomic molecule it is not
so complex, because firstly such a molecule has only one vibrational mode and secondly it has two
identical moments of inertia at right angles while the third is zero. We shall study the case of a
diatomic molecule.

Near Infra-red Spectra: In the absence of any electronic transition (no change in electronic
state) vibrational transition can occur, i.e. there is a possibility of a transition from one vibrational
energy level to another with the same electronic (ground) state of the molecules involving an

energy change of about 0-1 eV (1-6 x 10~2° erg/mole); frequency of radiation will be

X -20
v= 16_);410 8=8x10‘m’l
66x1034x3x10
or A=125000A =125y,

which shows that these radiations, accompanying vibrational changes within the electronic ground
state, should appear in near infra-red portion of the spectrum.

Now such a vibrational transition within a particular electronic state would be associated with
various possible rotational changes which lead to the presence of a number of closely spaced
spectral lines. Such bands are termed as vibration rotation bands. These are generally observed in
absorption and in the wavelength region of ahout 1 to 20 p. For a diatomic molecule, the mode of
vibration is only one and hence only one vibration-rotation band for each vibrational transition.

Far Infra-red Spectra: In far infra-red region, transitions occur that are purely rotational
in character, unaccompanied by changes in electronic and vibrational energies. Such a transition
involves an energy change of 0-005 eV and thus frequency of radiation is

0-005 x 1-6 x 1071°
v=
66 x 10734 x 3 x 10®
__8x102 _8x10*
" 3x66x1026 198
or . k=%cm=2~47x10‘2m
= 2470000 A =247 p.

This shows that these radiations will lie in the far infra-red region. The bands in the far

infra-red are therefore called rotational spectra.

END OF PART-I
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PART-I1: UNIT-2 USO6CPHY?22

2.0. SALIENT FEATURES OF ROTATIONAL SPECTRA

(i) The bands which appear in far infra-red region at wavelengths of 200 x 104 A or more are
due to transitions involving very small energy changes, about 0-005 eV. With such a small quantum
of energy, electronic and vibrational energy states will not be excited or in other words only
transitions that are purely rotational in character will appear. Therefore bands that appear in the
far infra-red region arise due to the changes in the rotational energy of the molecule
unaccompanied by changes in electronic or vibrational energy. Only those molecules which have
permanent electric dipole moment can give rise to pure rotational spectra. Thus homonuclear
diatomic molecules such as Hy 0, N, ete. do not exhibit pure rotation specira® while °
heteronuclear diatomic such as HF, HCl, HBr ete. do exhibit. The far infra-red spectra are known
only in absorption and only for molecules of HCI, HBr, HI, Hy0 and NH;, they have been studied
in detail.

(ii) In practice, rotational spectra are observed in absorption. For heteronuclear diatomic
molecules such as HF, HCI, HBr, CO etc., the rotational spectra consist of a simple series of
absorption maxima which are very nearly equidistant on a wave number scale. A measurement of
the frequencies of these maxima help to determine the moment of inertia and the internuclear
distance.

(iii) The "basic molecular requirement for the emission or absorption of radiation by a
transition between rotational energy states is that the molecule must have a permanent dipole
moment. This is in line with classical electrodynamics, according to which a rotating molecule can
lead to the emission of radiation only if a changing dipole moment is associated with it. During the
rotation of a heteronuclear diatomic molecule, which have a permanent dipole moment, the
component of this dipole moment in a fixed direction changes periodically with the frequency of
rotation of the molecule, emitting radiations of the same frequency. However, homonuclear
molecules have no dipole moment and hence there is no emission of infra-red radiation.

(iv) Further infra-red radiations can be absorbed by a rotating molecule and thereby increase
rotation, only if a permanent dipole moment is present. Such a molecule interacts with the
oscillating electric field of the incident radiation to absorb rotational encrgy and produce
absorption spectra.

For experimental arrangement sce art. 3.7.

2.1. THE MOLECULE AS A RIGID ROTATOR : EXPLANATION OF ROTATIONAL
SPECTRA
[flhe.re are only two mass points in a molecule, the line joining the two is an axis of symmetry,
and rotation about an axjs perpendicular to this line has significane; also, the moment of inertia
about al! such perpendicular axes will have the same value.

*Homonuclear molecules,

howcever, show rotational Raman spectra which ari larisabilit
of the molecules. pec ch arise due to the polarisability
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fb"0 * N

As a first approximation, rotating  dintomic i

i molecules, whose nuclei are considered a8 being
geparated by a definite menn distance, may be treated ns
a rigid rotator with free axis, Suppose masses my and | ™ 7 7 @
my are joined by a rigid bar (the bond) whose length iy ¢
ot —#{s f »|

ro=r +ry (Fig. 2.1). The molecule rotntes about tho Fig. 2.1. A rigld diatomi molecule treated s
centre of gravity C, two masses my and my Joined by a rgld

We shall caleulate rotational  energy levels, base of length ro« fy + fa.
frequency of apectral lines arising due to transition
between two energy levels, and the selection rule for transitiona in the case of diatomic molecules,
In this analysig we shall assume that the bond between the atoms is stiff and does not change in
length (rigid rotator).

Rotational Energy Levels: Let us consider a diatomic molecule with an internuclear
distance ry. The molecule has a natural rotation about the axis through its centre of gravity C as
gshown in Fig. 2.1,

The moment of inertia of an assembly of i particles, such as the atoms of a molecule, is
expressed as

I=myt+mor§ +marf +. ..
an‘-r,z,
i

where r; refers to tho distance of particles from the axis of rotation, In the present case,

Lemyr} + mord, e
where r; and rp are the distances of m) and my from the axis of rotation through C. As the system
is balanced about {t8 centre of gravity, we ¢an have

myry = mora. o (R)
Further ro=ry+ra. L

From equations (2) and (3), we find that
"12

——.-«-—r
lz”“"‘l‘"z 0
my

. 1 ()"

and rop= my ¥ my
Putting these values of ry and rg in equation (1), we arrive at
m l"lg mgm?

[ e T s e = [

(m + mg)i (m; + mz)2

neym,
& b 0'8 - m'rs. Lo (4)
my+my

where the reduced mass, m’, is defined as
mymy
m' e —Se
my Fmy
If the molecule is rotating with angulur velcity w, thon classically it would have an energy

%Im“. We have discussed in atomic apectrn (Chapter 2) that an electron rotating with angular
velocity 0 about tho nucleus has an angulnr momentum /o which can assume the values that are

b S 4 4% 4 4 4 4 4 4 4T 4T 4 4 4 4 4 4T 4 4 4 4 4 4 4 4
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integral multiples of 2’—; (Bohr quantum condition); it is easy to write

h
I(n-Jzn. where J=0,1,2...

Therefore, allowed rotational cnergies will be given by
=1 102 o L (P2
E, =} Io? = 5 (Po?)

J%h?
8n?l '
withd =0,1,2.,,, termed as rotational quantum number.

Enel:gy levels of rigid rotator on applying Schrédinger equation: The Schrédinger
equation in three dimensions is

2 2 2 2
Py %y iy 8nm
ax2+ay’l+022+ h2 (E-V)w=oo
which when converted into spherical coordinates becomes

«« (5)

10 29_“‘. i d il N
#ar(’ or +r2sino'()0(sm050)
1 9 ’m
+_§_._____!£+8_"_ ..... (E=Vy=0, 0. (6)

r* sin 0 ¢° h?
In 9rder to apply the above equation to the problem of rigid rotator, we have to arrive at gome
conclugions for m, r and V as discussed below:

In cartesian coordinates, the kinetic energy T of a single particle of mass m can be expressed
as

TagmE2+52+ i),
which in spherical coordinates is
"= % m( + r¥0% + r24? gin® 0).
If the distance r of the particle from the origin is fixed, the derivative  will bo zero so that
1. 2.0 2 .9
T-zmr(() + 0“ 8in” 0) L
Since two particles form a rigid rotator, the total kinetic energy will be
T= Tl + Tz
. Rei g 1 U I
=3 m,r%(o + 02 gin? 0) + P mgrg(()z + ¢2 sin? 0).

As in the case of rig‘id rotator, the interparticle distance is fixed, potential energy will come out
to be zero. Therefore, V is zero and T represents the total energy of the rigid rotator. Consequently,

1 . "n
E=T=3 (myrf + myd)(0% + ¢2 sin 0)

From equation (1), we find that the first bracketted te

_ ¢ . rm on right h: i sent
moment of intertia I of the rigid rotator. Therefore 8 'md'sndc OpERIANE e

*On putting
X = rein 0 con ¢,
y=rsin0sin¢
and ; zwrcosl
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E= ; 162 + ¢ sin? 0),

Comparing above equation with equation (7), we can conclude that the rigid rotator behaves
like a single particle of mass I placed at a fixed distance, equal to unity (since r = 1) from the origin
(centre of masg), Consequently, for rigid rotator, we must put.

V=0

r=1
and I in place of m
in equation (6),

For rigid rotator, equation (8) is then
1A w) 1 Py sk
m.ne-aesmoae +sin20802+ 2 ye0. va+(8)
From above equation, it is obvious that v is a function of ® and 0, ie.,
v = y(0, ¢).
We shall apply the method of separation of variables for the solution of equation (8), For this let us
express y as the product of two functions, namely, ©(0) and ®(¢), each involving one variable only,

ie.
W(O.a ) = ©(0) O(¢)
\4 20
that — a @ 2
s0 tha 30 @ 3
2
and ?__\_V_ =0 .832 .
A% g
Putting thc2valuoa of above differentials and v in equation (8), and then multiplying the whole
i 8in” 9
equation by oo ' Ve get
sin0 9 (. ~30) 19% 8rlIE . ,
o 30 sin 0 80)+¢ 8@_2\*_—1;5. 8in“ 0 =0,
On separating the variables,
8in® d (. 90 20 13%
) ae(smo 80]+ B sin 0--352- 3
8n*IE
where e

h?
In the above equation, left hand side involves the variable 6 only, whereas right hand side
involves the variable ¢ only. As the two variables 0 and ¢ are independent, the two terms can be

equated only when each is equal to a constant, say mZ, so that

3%2%(aine%(g]+ﬁsin20=m2 ouicl)
1%
and -$%§‘=m. o e {100
The solution of equation (10) is
@ = Cetime

Fopab to be a single valued function, it should have same value for ¢ =0 and 2n, ie.,
®=Cetm 0z
d = CetiZ!lm
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should be same, Therefore
Cm CetiZﬂm
or cos 2rvm t i sin 2nm = ), i
which can be true only if m is zero or an integer. _ : o
Now we take up the solution of equation (9); we can write equation (9) on multiplying by

sin%9 " ,
— a%(sin e%}[a-#]@w
Putting x = cos B
80 that %_g=g—(:%=-sin9%§—’
oF: %--sinﬂ%

in the above equation, we got

1 . 9 H a6 - m? -
—_ X smeax(sm eax]+[ﬂ )0—0

8in 0 8in% 0
2 2, 99 L
It is Legondre's differential equation; x can assume values from cos 0 or (+1) to cos 7t or (-1).
To solve the above equation, let us write
@=(1-x)"2.0Q
8o that
90 iy L aymid)= _2mr 9G
e mx(1l - x°) G +(1-x% B
2 98 g 2y(mi2) _2mi2+1 9@
(1 x)ax- mx(l = x“)\4G & (1 = x%) Ew

Hence the first term of equation (11) is
'é‘?; {(1 . 32) aa_f} ={-m(1- xz)mlﬁ + m2x2(1 - xz)(’"/z) - I}G

5 -{2X(m + 1)(1 - xz)m/2’o¢ + (1 - xz)(m)+ IG",
‘& _aG_ - a G
where G F) and G —axz 3

Putting this value of first term in equation (11) and dividing through by (1 - 22, we get
(1=2%G" -2(m + 1)xG’ + (B - m(m + 1)}G = 0

or (1 -xH)G” - 2axG’ +bG = 0. ... (12)
where a=m+1
and b-B-m(m+1).

Let us express G(x) as power serics, i.e.
O(x) = ag + oyx + ogx® + agxd +

so that G'(x) = 0y + 20004 Jotgx? + doggx? + . .
wnd G"(x) = 205 + 6agx + 1200402 4 . , .

Putting these values in equation (12), we get on arranging the termb in ascending powers of
x, that

b S 4 4% 4 4 4 4 4 4 4T 4T 4 4 4 4 4 4T 4 4 4 4 4 4 4 4
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(209 + bog)x? + (6oig + (b = 2a)aqlx + (12004 + (b ~ 4a = 2)(12}:2 +,,.20,
Equating the coefficients of every power of x, we get
209 + bag=0
60.3 +(b - 2a)a; =0
1204 + (b = da - 2)ap = 0
or in general,
(n+1)n+2)at,,2+b=2na-n(n-1e, =0,

where'n i8 zero or an integer. Putting the values of a and b in the above relation, we get the
recursion formula

Opyg (R4m)n+m+1)ep
] o, (n+1)n +2) '
for the coefficients in the power series for G(x).

; qu G(x) to be a polynomial, the serics of G(x) must terminate after a finite number of terms
which is possible only if

n+mn+m+1)-p=0
or B=(n+m)n+m+1)
=l +1)
We have seen that m must be zero or integer and since the same condition applics to n, the
sum (n + m) i.e. I should be zero or integer i.e.
1=0,1,2,38,,..etc

2
We know that B= L
hZ
then QT%IE =il +1)
that E=lg+1)22
My "D
Replacing ! by J we get
E, = —’-’——- J/ + 1), whereJ =0, 1, 2. (13)
8n2l

The above equation obviously rclates the allowed rotational energics to a molecular property
I and a quantum number J. If this energy, E,, is converted to the units of rotational torm values,

it becomes

LY .
F(J)—hc—aflchJ(J+1)' ---(14)

where F(J) is called rotational term (unit m~)). The equation can further be put as
F(J)=BJWJ+1) m™, J=0, 1,2,...
where B, called rotational constant, is given by

B m-}, ... (18)

" 8nllc

B A A A AT A AT AT T AT AT AT AT AT AT AT AT AT AT AT AT AT AT AT 4T 4
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If we account for the multiplicity of rotational encrgy levels, the so Cﬂlle? fiegerzer adc.}'.tt}_llc;n ﬁhe
population of the various rotational energy levels can be caleulated from Boltzmann's distribution

Ny= NO eleJ/kT.
in which for the sake of representation an Avogadro's number of molecules has been considered,
This equation states that out of molecules Ny, the Avogadro's number, N, molecules occupy Jth
state of enexgy equal to E; at absolute temperature T K. k is Boltzmann constant, The degeneracy

(which implies the existence of more than one energy state with the same energy) of a rotational
level is found to be (27 + 1), Therefore Boltzmann distribution can be written as

Ny = (2J + V)Nge Es/AT,
and shows population maximum at a value other than J = 0,

Frequency of Spectral line: If a rotational transition occurs from an upper level with
quantum number J* to lower level of quantum number J” then frequency of spectral line, expressed
in wave numbers, is given by

E'.’ o Erll
’; [+ 1) = J(J” + 1)) using eq. (13)
8n°le
=B’ + 1) =J"(J” + 1))

If a rotating molecule possesses a dipole moment then it can interect with oscillating
electromagnetic radiation, That is, the molecule can withdraw from or give up energy to the
radiation and consequently transference of energy from radiation to the molecule or vice versa
takes place. In other words, a molecule must have a dipole moment in order to give rise to rotational
spectra.

Spectral Transition Probabilities and Selection Rules: By the methods of quantum
mechanics, the probability of transition between two energy states can be determined, Let us
designate the two energy states by the letters m and n; then the probability of a transition between

these two states accompanied by the absorption or emission of (dipole) radiation, is determined by
the matrix element P,,; the component of P, in x direction is defined as

]

Pn(x) = ,[ W:l (E £.i-’:.j) Y, dt, ... (16)
J

where v, and y, are the cigen functions of the two states,

& 18 the electric charge and x; the
x-coordinate of the J* atom in the molecule, £ &;%;

(the summation of g; x; over all the atoms in the

J
molecule) gives the component of the electric dipole moment in the direction of x-axis, i.e. My, 50 that

Pypp(x) = I ‘Vrn Wy, d. AR &

If all the three components in x,y and 2z directions are %ero, no transition can occur and,
therefore, for a particular transition to occur, one of the components of P, must differ from zero.
One particular condition, apart from others, under which the integral P, (x) vanishes is that the
component Wy of dipole moment be zero in the equilibrium state of the molecule or remains 80
throughout the various moments of clectrons and nuclei, This condition leads to the conclusion that
a molecule, which is symmetrical in ground state and consequently does not possess resultant dipole

moment, will not interact l'Ui!/l the radiation. As a result, the molecule will not yield a spectrum
unless an electric moment is produced by disturbing the symmetry of the electrons or of the nuclei.

For a rigid rotator if we insert the appropriate cigen functions for upper and lower states in
equation (17), assuming that pe i not zero, it is found that Pa(x) will be zero unless
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J'=J" =11, This means that only those rotational transitions which involve an increase or
decrease of unity in the rotational quantum number are permitted. This is termed as the
selection rule for rotational trangitions, f.e. the sclection rule iy

A =J" = J" = 1], ven{18)
For the rotator J’ > J* (sinco J* refers to the upper state), and therefore

cgn.siduring only AJ = +1, we have for tho emitted or ahsorbed lines of the 6
rigid rotator

Ve m F(J” + 1) - F(J") 5 )
= B(JM *‘ 1)(Ju + 2) "Bl]"( " + 1)
=2B(J"+1), J"=0,1,2,... 9 -
Writing J instead of J” for lower state, we find
Vyw 2B +1); J=0,1,2,,, (19 3 i
Spectrum : T
Putting these valuecs for J, we find that the frequencies for :) )
consecutive lines in the pure rotation spectrum of a diatomic molecule an A 1,,%"_‘_:
are 2B, 4B, 6B ete. Thercfore on the frequency (wave number) scale, the 0 T
lines are equidistant (Fig, 2.2),
The rotational frequency is given by § 2 6l 108
we 2BV + 1)) Fig. 2.2. Allowed
e 2B, transitions betwenn the

; . ' " energy levels of a rigld
i.e. the rotation frequency in any given state of the rotator i8 giatomic moleculo and the

approximately equal to the frequency of the spectral line that has this  spectrum which arises
state as upper state, from them (absorption

spoctra),

2.2. Diatomic Molecule as a Non-rigid Rotator

Experimental investigations have shown that the successive lines in the far infra.red
gpectrum are not evenly spaced, but that the frequency separation decreases slightly with
increasing o values, The cause of this dccrease becomes atonce obvious if we caleulate internucloar
distance from the rotational constant, B, values. It shows that bond length increases with J and
that assumption under which a diatomic molecule is treated as rigid rotator is false and, in f‘{\c:t, all
bonds are clastic to some extent. We infer from the increase in length with o/ that more quickly a
diatomic molecule rotates, the greater is the centrifugal force tending to move the atoms apnrt.‘

Now we discuss the consequences of the change in bond lcl_xut.h with J. Firstly, when a bond is
elastie, it will stretch and compress periodically with a certain functional frequency dupendopt
upon the masses of the atoms and tho elasticity (or force constant) of the bond, i.e., this means, in
other words, that the molecule may have vibrational energy, and if the motion is gimple harmonic,

force constant is given by y
k = Ann%*m’,
whore o i the vibration frequency (inm 1), The weaker the bond more readily will it distort under

coentrifugal foreos, ' o _ ' ,
The other consequence of elasticily is that the quantities r and B vary during a vibration.

Wo thus see that the three different sets of vilues must be assigned to B and
roie B oand p, (separation between nuelei) at equilibrium, By and ry (average inter-nuclear
§ $eledp " L

separation) in the vibrational ground state or B, aond ry in case molecule posSesses CXcess

vibrationa! encrgy, where iy the vibrational quantum number,

Energy Levels o . ,
For non-rigid rotator, Schrodinger wave equation (Refer to Moleeular Binding) yields to give

the rotational energy levels as

b S 4 4% 4 4 4 4 4 4 4T 4T 4 4 4 4 4 4T 4 4 4 4 4 4 4 4
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2 2
E-g“—‘J(J 1)~ 412 sz(J 1)
or F(J) = .._.
—BJ(J+ 1) - DJ%W + 1)% em™? Ay
where D is called centrifugal distortion constant, and is given by
h -

& —— e o
32n12r2he
and is a positive quantity,
: Equation (1) ’s true when force is simple harmonie. If force field is anharmonic, the expression
ecomes
F(J) = BJ(J + 1) - DJ%J + 1) + HJ3J + 1) + KJYJ + 1)+, .. em™] v (2)
where H, K, etc, are small constants dependent upon the geometry of the molecule
From the relations for B and D, we find that
_ 16B%n%m’c?
"k
_ 48B3
alo oaii (@)
where w is the vibration frequency of the bond in normal state. Since B is generally about

10 clm 1, whereas w is of tho order of 1000 em™, it is evident that D will be small, namely 10"°

¢m ° or so. .~

Spectrum i
Fig. 2.3 shows the lowering (not exact in oxtcnt) e,

of rotational levels when passing from the rigid to the

non-rigid diatomic molecule, The spectra are also B .

compared. Selection rule is still AJ = £1.
The analytical expression for transition can be 7 .
written as .
F(J + 1) = F(J)= v, = Bl(J + 1)(J + 2) = J(J + 1)] 6 ——————..,
= D((J + L)X + 2)* - JYJ + 1)2)

=2B(J +1)=4D(J + D2 em™!, ... (4)

where v, represents both upward transition from J to
(/ + 1) or downward from (J + 1) to J. We note from
cquation (3) that the lines are no longer exactly
equidistant but their separation decreases slightly
with increasing J. The effect, however, is small owing
to the smallness of D as compared to B. 028 a3 613 B3 108 1213 148 1613 188 208
Knowledge of D provides two informations: First,

the determination of J valuc of lines in an observed

Tt W 5 W

) L i
) ot e

spectrum and, second, the determination of the o
vibrational frequency of a diatomic molecule (though NONRIGID
not precisely). For hydrogen fluoride, equation (3) has "

s prev 0 203" 413 613" BIY 1013 121 141 2013

i Flgdz .3, The change in rotational energy levels
g L and rotational spectrum when pasging from a
—5~ % 16:33 x 10"%cem, ™!y rigid to a non-rigid diatomic molecule.

B A A A AT A AT AT T AT AT AT AT AT AT AT AT AT AT AT AT AT AT AT 4T 4
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ie. o = 4050 ¢cm."}
The force constant then follows directly:
k = 4n%c?w®m’ = 9.6 x 10° dynes /cm.,
which indicates, as expected, that H-F is a relatively strong bond.

2.3. VALIDITY OF THE THEORY : DETERMINATION OF THE INTER-NUCLEAR
DISTANCE (BOND LENGTH) AND MOMENT OF INERTIA
We shall apply equation (11) of art. 2.1 to an observed spectrum in order to determine the
moment of inertia and hence bond length of a particle, eg., CO, HCI and HI etc. which exhibit
rotational spectra.

(a) CO molecule: The first line (/ = 0) in that rotation spectra of carbon monoxide appears

at
v, = 3-84235 ¢cm™!
so that from v,=2B(J + 1) = 2B,
we get B=f =192118 em™!
Further the moment of inertia is calculated from equation
h
Ico==—%—
€0~ an2Bc
- 662 x10°%
8x (3-14)% x 192118 x 3 x 101¢
= 1.45673 x 107? gm-cm?.
To calculate bond length, we shall first find out the value of reduced mass of CO-molecule
given by
PRt aid e SETER 5
- my +mg No '
where N is Avogadro's number.
Taking my =12 gm (for carbon)
mg = 159949 gm, (for oxygen)
the reduced mass of CO-molecule will be
. 12x159949 1

OO = (12+15:9949) 6244 x 108 ©"
so that bond length of CO-molecule will be

Ico 16 .2
= —5~=1.2800 x 10 A
rto ¥ 1 X cm

On putting values of Ico and mgo,
rco=1131A.
The value of bond length of CO molecule has been found in good agreement with the

experimental results, ‘ :
This separation between two energy levels specified by J* and J“ is given by equation (9),

Le.
h'l
¢ quz B’ - E" = — S (" + 1 "J"J”*l].
(AE)y, g 81!’![ ('’ + 1) = J )

Energy level separation between J” = 1 (upper level) and J” = 0 (lower level) is
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R
elianin Jog ey
(6:62 x 10727)%

8 x(3:14)% x 1.456 x 10799
=2.03832x% 10" “erg

=0.07664 x 10”15 er

Rotational energy levels usually have energy separations of less than AT.
2
The factor Eﬁ;i is termed as the energy level spacing factor.
1A

(b) HCI molecule: From the frequencies of rotational absorption lines for HCI, it is
obtained that

h___ -1
2 anllo =207 cm™".
or 2B = 20-7 ¢cm™?
or B =10.35 cm™!
80 that the moment of inertia is
Iycr = "“)2}—
8n“Be
662 x 10727

8><(3 14)2x1035x3x 1010
= 2.70 x 10" gm-cm?.
Reduced mass of the HCl molecule is

vig Sty 1
(my + mg) Ng
_ (1:008)(35-46) 1
“(1°008 + 3546)  §.024 x 1029
=1.627 x 10724 gm

Bond length of HCI molecule is
R hier _ 2:70 x 10740

’

m' 1627 x 10724
ricr = 129 x 1078 em
=1294
The separation between energy level J =0 aznd J = 1 will be
(AE ), 1 = thl 2Bhe
=207 x 6:62 x 10727 x 3 x 1010
=0-405 x 107 erg
(c) HI Molecule: The rotational spectrum in the far infrared of hydrogen iodide consists of

a serics of equidistant lines with a spacing of 12-8 em™! or

or
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28 =2. ’; -= 128 ¢m™!
8nle
Therefore moment of inertia:
) g h _
i 8ntBe
662 x 10 ¥

"8 x (3 14) x (6.4) x 3 x 1010
m 4372 x 10710 gm em?,
Reduced mass will be
o (1 x127) L
(1 +127) 6,024 x 10%
= 1-66 % 10721 gm,

nt

Bond length:
P =i 4872 %1040
m’ 165 x 10 %
50 that Fy-1 = 163 A,
TABLE-1
Internuclear distances from Rotational Spectra
. Molecule _lgm em? Bond length (r) A
Hydrogen fluoride 134 x 10740 0-92.
Hydrogen chloride 2.66 x 10™1° 129
Hydrogoen bromide 331 % 1070 142
_Hydrogen iodide 437 x 1070 163

Examination of rotational spectra is thus a valuable and accurate means of calculating
internuclear distances, at least for simple molecules, For a polyatomic lincar molecule, there will
be several internuclear distances, which cannot be calculated from a single value of moment of
inertia, For a linear triatomic molecule, such as HCN, the rotational spectrum remains simple, but
the single measured moment of inertia depends upon two internuclear distances, As the
internuclear distance can be assumed to remain unaltered by isotopic substitution, the two
internuclear distances can be computed by examining the spectra of isotopic molecules, such as
DCN and HCN in the present example. This examination will provide the further moment of
inertia values, and then by solving simultancous equations (HI—C, 1.06 A : C—N, 116 A),
internuclear distances can be caleulated.

In gascous state, especially at very low pressure (1007 mm of Hyg), collisions among the
molecules are small, and consequently, they can rotiate freely, Therefore samples whoge rotational
spectra are to be studied are usually gascous,

One disadvantage of this method of structural investigation, even for simple molecules, is that
in order to exhibit a rotational spectra, the molecule should possess a permanent dipole moment.
Molecules like N,, 0, and COy do not, therefore, show rotational spectra in far infra-red rogion.

24. ISOTOPE EFFECT IN ROTATIONAL SPECTRA
Any isotopic exchange would bring a change in mass and hence in moment of inertia but not

in the internuclear distance in a dintomic molecule, It means that, for different isotopic forms of the
same molecule, the rotational energy values and the frequencey separation of successive lines in the

b S 4 4% 4 4 4 4 4 4 4T 4T 4 4 4 4 4 4T 4 4 4 4 4 4 4 4

21 /27 ...PHYSICS DEPT. /VP & RP T P SCIENCE COLLEGE-VALLABH VIDYANAGAR/US06CPHY22/2020-21

- - - - - - - -

V\lvvvvvvvvvvvvvvvvvg




rotational spectrum will be different. Let us designate the two isotopic forms of the same molecule

by subscripts 1 and 2. Then the frequen f i : : .
can be written as equency of rotational lines, neglecting effect of centrifugal force,

Ve ®

J
41!21 1

h
vV, =2BJ=2. ——,
[ - 8n2lc )

vV, = J
= 4n212c

Then the shift in frequency due to isotopic change will be
Av; = v, = gV,

h 1 1
| -—
anZe [11 12)
h I)
- J1-32
47‘2611 [ 12)
=V |l1-— ,
-7 ek

where ,v, has been taken as v,. Since internuclear distances do not change, the ratio of the
moments of inertia will be equal to the ratio of the reduced masses, i.e.,

Il ml' 2
12";;7“9- A

where p? is to denote the constant value of the ratio.
Putting equation (2) in equation (1), we get
Av; = v,(1 - p?).
Within the limit of small error v, can be replaced by 2BJ and, therefore, it follows that
Av; = 2BJ(1 - p?),
It is thus obvious that isotopic shift increases with the value of J. For most diatomic molecules,

exhibiting pure rotation spectra, the isotopic masses are such that p? diffors only slightly from
unity due to which resulting isotopic shift is small. Shift of the lines in rotational spectrum
accompanying an isotopic change has not been observed because of experimental difficulties. Such
an isotopic effect in rotation is inferred from the study of electronic and vibration-rotation bands.

Problem 1. In the rotational transition for J =0 to J =1 the absorption lines occur at
1163 x 10" ¢/s in C'20'6 and at 1102 x 10™ ¢/s in C"0, Find the mass number n of the carbon
isotope. Given

Mass of C*2 = 12My

Mass of 0% = 16My

Solution. Since force constant of the bond involved in CO molecule will not be affected by
isotopic substitution, we can write

k= 4n2v?m2' = 4n2v3m2' (1)
where v} = frequency of absorption line in case of C'201¢
my’ = reduced mass of C'20'¢
_12x16 192

12+16 28 ~0W
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vp = frequency of absorption line in case of cro'®
my' = reduced mass of c"o'¢

Therefore from (1),

or 16n_ _(1:153x 1011} 192
n+16 |1.102x101 | 28

=T1745
or n=13 am.u,
Problem 2. The J = 1 = 0 transition in HCI occurs at 10.68 cm™, Regarding the molecule to
be rigid rotator, calculate the wavelength of the transition J = 15 « 14,
Solution : The Frequency of rotational line is given by
v, =BJ'(J'+1)-BJ" (J" + 1)

Here J=1, J'=0
so that 10.68 = 2B
Now v,” = B[15(15 + 1) - 14(14 + 1)) for J = 15 « 14 transition
=2Bx15
=10.68 x 15
R —-.-‘...!——— -
i T T T T e

2.5. ROTATION SPECTRA OF POLYATOMIC MOLECULES

To understand the analysis of the spectra of polyatomic molecules, the readers should be well
acquainted with kinematics and dynamics of rigid bodies and also with symmetry elements. A brief
description of the terms involved in further articles will be presented here for the convenience of
the readers.

Principal Moment of Inertia

Out of 3V degrees of freedom of an assembly of V particles, three belong to the rotation of
whole assembly about three mutually perpendicular axes. We shall take here that there is no
interaction between rotation and vibration i.e. molecule is rigid.

We know that moments of inertia of assembly of N particles about any axis of rotation is given
by

I=myd+marg+ ...,
where m, is the mass of the particle whose perpendicular distance from the uxis is 7,.

We can show that there is one orientation of three mutually perpendicular axes for which
corresponding moments of inertia are maxima or minima, and that the origin of these axes is the
centre of mass®*. The maximum and minimum values are called the principal moments of inertia
and their axes are called principal axes. These three principal moments of inertia are
conventionally denoted by I, [, and [, with [, s I, < 1.

Angular Momentum, p, in terms of Principal Moments of Inertia

23 /27 ...PHYSICS DEPT. /VP & RP T P SCIENCE COLLEGE-VALLABH VIDYANAGAR/US06CPHY22/2020-21

b S 4 4% 4 4 4 4 4 4 4T 4T 4 4 4 4 4 4T 4 4 4 4 4 4 4 4

- - - - - - - -

V\lvvvvvvvvvvvvvvvvvg




The gencral expression, for angular momentum, if the principal axes transformation is not
congidered, is given by

Px I.u lxy I.u 0y

Py =1y Iy 1y || Oy
Py Ly 1, Iyp || w2

where p, ® and 7 refer to angular momentum, angular velocity, and moment of inertia of the
assembly of N particles,

With principal axes transformation, nine components of I are reduced to three only, I, [, and
1,:, designated as I,, I, and I,. Let the corresponding angular velocities along the three principal
axes be wg, wy and w,, then

Pa| [I, 0 0] wa
pol=l0 Iy O | wp
pe| |0 0 Ll o
or P = I,wg + Loy + 10,

Kinetic Energy in terms of Principal Moments of Inertia

1
T=2@ep)
1
- § 2 (pa“)a + Py + Pelde)
1
=39 (a7 + Ibwg ¥ Ic“’?)

_ri ot Bt
21, "o, eI

Analysis of Spectra

In the discussion of rotational energies and rotational spectra of polyatomic molecules, we
have to specify the relative values of the three principal moments of inertia of the molecule. On 'this
basis, description will involve three structures, namely, linear, symmotric top and asymmetric top
molecules, We can distinguish these cases as follows:

({) agymmetric tops: three distinct moments of inertia

I,2#ly =1,
(13} symmetric tops: two moments of inertia are equal
?f I,=I<l, called oblate symmetric top (dise)
if Io<Iy =1, called prolate symmetric top (rugby football)
(iif) spherical tops: all moments of inertia are cqual
Iy=Iy=1,=],

(tv) linear and diatomic molecules: two equal moments of inertia and one ze
I,=0 and I,=1,
(A) LINEAR AND DIATOMIC MOLECULES
Linear molecules, in their equilibrium configuration, have
I,=0
Ib = ’c w/
and this case then refers to art. 2.1 already dealt,

ro,

24 /27 ...PHYSICS DEPT. /VP & RP T P SCIENCE COLLEGE-VALLABH VIDYANAGAR/US06CPHY22/2020-21

B A A A AT A AT AT T AT AT AT AT AT AT AT AT AT AT AT AT AT AT AT 4T 4

- - - - - - - -

VVVVVVVVVVVVVVVVVVV3




(B) SPHERICAL TOP MOLECULES

The moment of inertia of spherical top molecule is independent of the orientation of the
rotational axis in the molecule

Iy=l,=I.ml
and thus there is again only one value of the moment of inertia in spherical top molecules and
energy levels are, therefore, given by the equation (14), art. 2.1.

F(J)y=BJ(WJ + 1), J=0,1,2,,,

Thus the energy level pattern is identical with that of a linear molecule, Since a spherical top
molecule is, by symmetry, nonpolar, its rotation produces no change in moment and no dipole
transitions occur. Rotational states can, however, be observed in combination with vibration.
(C) SYMMETRIC TOP MOLECULES

Two moments of inertia are equal in symmetric top molecules and are labelled as I,. The other
is not zero, differs from I,. It is labelled as I,. By

symmetry considerations* one can show that any &
molecule with a threefold rotation axis must be a
symmetric top and the I, axis (the top axis) coincides oy
with the symmetry axis. The I, axes would lie jn a  Mothyl Chloride with @ "
plane perpendicular to the top axis. The examples are  Or Ammonin without (] Ty
CH,3Cl and NHj,

Energy levels and Selection Rules

The rotational energy, in general, is written as '/AK.
pa bt p?

ror ta, e,
(i) Prolate typo: If we consider a prolate F‘OA 2.4, Prlnclpll .xe’og:':ﬂ."\yl chloride or
amm
symmetric top, I, = I, then
E-p_§+_p_g_+_pi “‘(1)
A 21« 2I, 21, '
As for linear molecules, it is assumed that the total angular
momentum is quantised and, in terms of quantum number J, is given

by

—
-

|-

e —— —

’

Fig. 2.5. Classical motlon ol‘t
p =W + 1)) (;2";;) v J=0, 1,2, ...(2) sgymmotrlc top, comprising

roation about the top axis and
The rotational energy in such type of molecules depends upon  precession of that axis about

two quantum numbers J and X owing to. the fact that hcro.J, the the total angular momentum,
classical total angular momentum vector, 1s not necgasar}ly dlrcclted ‘ .
perpendicular to the top axis. The magmtud'e and direction of J is preserved, in class}cal motion,
by the rotation of the molecule about I, axis and a precession or rotation of that axis about the
direction of J (Fig. 2.5). Therefore component K of angular momentum vector J, in the direction of
top axis (I, axis or called unique principal inertial axis) is also quantised.

This condition of equation is repreaen;ed as

p“=K(§-f_t]' K=0, 21, %2,,.. vl (3)

Nt Nt A A A A A A A N A A A Al Al A A A A A A A A P P
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Therefore, p= pg + pg + p?
or P8 + p =p* - p}

2 2
nJ(J +1) (E’}i] - K? [5";) j
Therefore equation (1) becomes

h? h? h?
E)y = K? J + 1) = = K?
G =82 ot +9V D g = e,

a

on applying eqs. (2) and (3).

h? h? h? 2
" " K w8

AN G, *ontt, " anity | OF e
(Er)Jk

or the term value is F(JK) = ——

h h h 2 -1
0% O (R
8nlye W+h 82l e anIch o

=BJW +1) + (A~ B)K? em ™! i)
in which Bl e

cm
8nl,c
oy
and A PRCTN em™,
The quantum numbers may take values
Jw0,1,2,...
K=0,$1,42,...44J, . (B)
and thus all states with K > 0 are doubly degenerete.
The selection rules are:
Dipole transition : AJ =0, x1; AK=0,
For an absorption experiment, pertinent rule is
AJ=+1; AKw=O, .. (8)
(ii) Oblate type: For this type of molecule I, = I) < I, and unique axis or top axis or figure
axis will be I, and not I,.

For an oblate symmetric top, there ig a constant angular momentum component equal to
tK 4 along the top axis (I, axis). Proceeding exactly in a similar way as adopted for prolate type

2n
with I, = I, and /, different, we can arrive at
F(J,K) = BJ(J + 1) ~ (B - O)K* em™! kD)
h -1
where C= ¢
nel,e o

and (B - C) is positive since I <[,

Spectra: Symmetric top molecules with a centre of symmetry (CyHg, CgHg, BF3) do not have
a dipole moment, and therefore, no pure rotation spectrum is observed in their case. But most of
the symmetric molecules have a dipole moment that is directed along top axis. Since their dipole

moment lies in the direction of the top axis, no rotation of the molecule about that axis can change
any component of dipole moment. Consequently, in such cases, selection rules for a symmetric top

are
AJ =1
AK =0
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As these moleculen give rise to pure rotation absorption spectrum, the frequencies of spectral
lines will be given by
va kol + 1K)~ Fl, K)
= B+ 1)) 4 2) 0 (A =IHKE = (0]« 1) + (A - B)K?)
=200 ¢ 1) em ! vl (8)
and is thus independent of the rotationnl constant, A,
We ean find out the term values, ¥/, K), in the case of prolate and oblate type of symmetric
top molecules on substituting the values of rotation constants. For example, for

Prolate Type : CHYF molecule: A=510cm"!
B=085cm"!
Oblate Type : NHg molecule: B=994c¢m™!
C=631cm™}
The rotational energy level patterns for both these types of symmetric molecules are shown in
Fig. 2.6,
! ;_..,,! ) J ; i
L4 o ——
Ty . ey g S 10 10 )
3 S9 B 6 o — 10 10 10
-—-—-‘;' 9 — "_J,',—-s 9 9 ~_—9.‘-n—.~
o8 Wiy —_— . Qg —
Vi T g SR —
_7. 7 :'_‘6 "',—;J . 7 _‘7 v-——;u._—
—_— T T 6 ——— 7
pu— i, — O — o, 6 | —
-—T,. <, 4/ K=3 R (] —5--.___ ]
— e BT Y
1 » ol - - ? it/ ‘
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Fig. 2.6. Rotational energy level patterns : (a) for prolate, and (b) for oblate type.

Results Obtuined from the Analysis of Spectra

The one value of B obtained from the apectrum (eq. 8) is insufficient for the determination of
bond lengths and bond angles of a polyatomie molecule, sinco the molecule must have atleast two
stractural paramaoters in ordor to satisfy the condition of nonzero dipolo moment. This valuo of
B must, therefore, be combined with data from other sources, such as rotation-vibration spectra
which cnn give a valug of A or C,

(D) ASYMMETRIC MOLECULES
A molecule with three different momonts of inortia is ealled asymmetric top molecule.
The rotutionn] enurgy expression
2 2
-

Br= o, on, * o, @)
can still ba supplicd; but wince, unliko the symmaotric top caso, no component of total angular
momontum vector J is quiantised, no quantum number other than J in available to characterise the
rotational energy states. It i, thereforo, impossible Lo give one simple expression for all the energy
levels, The problem is treated in guantum mechanics by using the symmeotric top wave-functions

of either the limiting prolate top, with B and C replaced by ; (B + C), or the limiting oblate top, with

A and B replaced by 1 (A + B). Equation (9) then leads to a polynomial equation of (2/ + 1)th degree

involving the rotational constants A, B and C for each J value. For first few levels, exact
_____expressions for energy levels can then he given

END OF PART Il

Book: Elements of Spectroscopy - By: S L Gupta, V Kumar, R C Sharma, Pragati Prakashan; Meerut
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QUESTION BANK 2020-21
Part: I: Multiple Choice Questions:

1. A transition between two Vibrational levels results in a radiation that falls in
the
(a) Visible region. (b) Micro wave region.
(c¢) Near infra red region. (d) Ultraviolet region.
2. In practice, rotational spectra are observed in
(a) Absorption. (b) Adsorption
(c) emission (d) All ofabove
3. When two atoms are brought nearer to form a stable molecule, the electronic energy
rapidly.
(a) increases (b) decreases
(¢) remain same (d) none of above
4.  Atransition between two electronic levels results in a radiation that fallsinthe ___
(a) Visible or infra red region (b) Visible or near infra red region
(c) Visible or ultra violet region (d) Visible or microwave region
5. Atransition between two rotational levels results in a radiation that falls in the
(a) Visible or infra red region (b) ultraviolet or near infra red region
(¢) farinfrared or ultra violet region (d) farinfrared or microwave region
6. The homonuclear diatomic molecules do not exhibits__ .
(a) pure rotational spectra (b) pure vibration spectra
(c) pure electronic spectra (d) rotational and vibration spectra
7. The hetronuclear diatomic molecules do exhibits
(a) pure rotational spectra (b) pure vibration spectra
(c) pure electronic spectra (d) rotational and vibration spectra
8. Thereduced mass is given by, . };}
) mq , my
(@) m'= (m1+my) (®) m'= (m1+m2) };}
) mimy f mq+m
© = s @ w=0 )
9. The molecular spectra are also known as . };}
(a) line spectra (b) band spectra )
(c) absorption spectra (d) emission spectra };}
10. A band has sharp intense edge on one side called : )
(a) band cap (b) band head };}
(c) band border (d) Dband zone )
11. The separation of the nuclear and electronic motion is embodies in the )
approximation. };}
(a) Bohr (b) Ruther ford )
(c) Born OppenHeimer (d) None of above };}
12. The compete Hamiltonian operator is given by };}
b
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13. Homo nuclear diatomic molecules do not exhibits spectra.
(a) pure Vibrational (b)  pure rotational
(c) visible (d) None of above

Part: II: Short Questions

Explain in brief salient features of rotational spectra.

Define rigid rotator.

Enlist various regions of the electromagnetic spectrum.

Write difference between rigid and non rigid rotator.

Explain principle of moment of inertia of assembly of N particles.

=

v W

Part: III: Long Questions
1. Write theory to explain rotational spectra using rigid rotator model of molecule.
2. Discuss isotope effect in rotational spectra in detail.
3. Discuss diatomic molecule as a non rigid rotator.
4. Write a detail note on rotation spectra of poly atomic molecules.
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